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Abstract
We answer a question of J. Gerlits by constructing a polyadic space of countable tightness which
is not a continuous image of Aωκ (Aκ is the one point compactification of the discrete space κ). The
space is a Uniform Eberlein compact space of weight ω1. It will follow that being an Aωκ image is
not preserved by countable inverse limits.
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Introduction
Let Aκ = κ ∪ {∞} be the one point compactification of the discrete space κ if κ is an
infinite cardinal and let Aκ be the discrete space κ if κ is an finite cardinal. For a cardinal λ,
Aλκ is the product of λ copies of Aκ , endowed with the product topology. Polyadic spaces,
introduced by Mrowka [8], are the Hausdorff continuous images of the spaces Aλκ .
In [6], Gerlits has asked whether a polyadic space of cellularity µ and tightness τ is an
image of Aτµ. His thesis was that the class of polyadic spaces is a 2 cardinal parameter
class, i.e., most cardinal functions are functions of these two; as an example, he proved
that weight = cellularity × tightness. In an earlier paper [3] we gave a partial solution to
this question when we showed that a zero-dimensional polyadic space of cellularity µ and
tightness τ is an image of a closed F ⊂ Aτµ. This result was strong enough to allow us to
deduce, rather easily, basic structural properties of zero-dimensional polyadic spaces such
as weight = cellularity × tightness. In this paper we construct a counterexample to the
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problem, namely, we construct a zero-dimensional polyadic space of countable tightness
which is not an Aωκ image for any κ . From a result in [3] this space must be a Uniform
Eberlein compact space; thus this space is another example illustrating that Aωκ is not a
universal preimage for Uniform Eberlein compact spaces of weight at most κ (see [1,2]
and Benyamini et al. [5] for more on this problem; our example is more intricate than
previous ones because ours must also be polyadic).
Section 1 of this paper consists of essential definitions and facts about the clopen algebra
of Aωκ . In Section 2 we present the proof that our example is not an Aωκ image but that it is
an inverse limit of a countable sequence of Aωκ images.
The first infinite cardinal is ω and |X| denotes cardinality. If R and S are sets of ordinals,
then R < S means that for each α ∈ R and for each β ∈ S, α < β . If X and Y are two sets,
then X meets Y means that X ∩ Y = ∅. A collection of sets C is centered if for all finite
F ⊂ C ,⋂F = ∅.
For Hausdorff spaces X and Y , we say that Y is an X image if there exists a continuous
surjection f :X→ Y . We denote the clopen algebra of all clopen subsets of a space K by
CO(K).
1. The clopen algebra of Aωκ
Let κ be an arbitrary infinite cardinal. In this section, whenever we say clopen set, we
mean a U ∈ CO(Aωκ ). For every n < ω, let πn :Aωκ → Anκ be the projection map onto the
first n coordinates. For every clopen U , there exists n such that U = π−1m (πm(U)) for
all m  n. Put Sin(κ) = {U ∈ CO(Aκ): |U | = 1}, put Cof(κ) = {U ∈ CO(Aκ): Aκ \ U
is finite} and put Bas(κ) = Sin(κ) ∪ Cof(κ). Bas(κ) is the canonical basis for Aκ .
A basic rectangle in Aωκ is a clopen set of the form π−1n (
∏
i<n ri) where for every i < n,
ri ∈ Bas(κ).
We want to associate one of countably many types with each clopen set; to do this
we fix, for the remainder of this paper, a universal representation ϕ of every clopen set
as a union of finitely many basic rectangles as follows: To each clopen set U choose m,
n < ω and a clopen matrix (uij ) of dimension m× n such that U =⋃i<m π−1n (
∏
j<n uij )
where for every i < m and for every j < n, uij ∈ Bas(κ). For every i < m and for every
j < n define ϕ(U, i, j)= uij and for every i < m define ϕ(U, i)= π−1n (
∏
j<n uij ). Then,
we have that U = ⋃i<m ϕ(U, i). We define the type of U by T (U) = (m,n, (fi)i<m)
where for every i < m, fi :n→ 2 is defined by: fi(j) = 0 ⇔ ϕ(U, i, j) ∈ Sin(κ) and
fi(j)= 1⇔ ϕ(U, i, j) ∈ Cof(κ). The length of the type T (U) is n. Clearly, there are only
countably many different types of clopen sets.
A sequence 〈Fα : α ∈ A〉 is a ∆-system if there exists a set F (called the root of the
∆-system) such that if α and β are two distinct elements of A, then Fα ∩Fβ = F . IfU is a
collection of clopen sets, all of the same type T = (m,n, (fi)i<m), we say thatU is rooted
if for every i < m and for every j < n, there exists a finite Fij ⊂ κ such that: If U = V
in U, then fi(j)= 0 implies that ϕ(U, i, j)∩ ϕ(V, i, j)= Fij and fi(j)= 1 implies that
[Aκ \ ϕ(U, i, j)] ∩ [Aκ \ ϕ(V, i, j)] = Fij . That is, along each coordinate (i, j), we have
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a ∆-system with root Fij on the ϕ(U, i, j) or on their finite complements according to
whether fi(j) is 0 or 1.
Lemma 1. Let λ be an uncountable regular cardinal. Every clopen collection U of
cardinality λ contains a rooted subcollectionU′ of cardinality λ.
Proof. Since there are only countably many types of clopen sets and λ is uncountable
and regular we may assume that every set in U has the same type T . A standard fact is
the following: if λ is an uncountable regular cardinal and 〈Fα : α < λ〉 is a λ-sequence
of finite sets, then there exists A⊂ λ with |A| = λ such that {Fα : α ∈ A} is a ∆-system.
Applying this fact successively along each coordinate (i, j) of T , gives us the required
rooted subcollectionU′.
To say that something is true for almost all s ∈ S means that there is a finite F ⊂ S such
that it is true for all s ∈ S \F .
Lemma 2. If U is an uncountable rooted collection of clopen sets and C is a countable
collection of clopen sets, then there exists V ∈U such that whenever C ∈ C and V meets
C then for almost all U ∈U, U meets C.
Proof. Let U be of constant type (m,n, (fi)i<m). For C ∈ C , let the type of C be
(mC,nC, (f
C
i )i<mC ). Then C =
⋃
i<mC
ϕ(C, i). Since U is rooted, for every i < m and
for every j < n, if fi(j)= 0, then 〈ϕ(U, i, j): U ∈U〉 either consists of pairwise disjoint
singletons or is a constant sequence. Since U is uncountable and C is countable we can
choose V ∈ U such that for every i < m and for every j < n, if 〈ϕ(U, i, j): U ∈ U〉
consists of pairwise disjoint singletons, then ϕ(V, i, j) /∈ {ϕ(C, k, l): C ∈ C, k < mC and
l < nC}.
Let C ∈ C such that V meets C. Choose i < m and i ′ < mC such that ϕ(V, i) meets
ϕ(C, i ′). Striving for a contradiction, assume that there exists an infinite {Ut : t < ω} ⊂U
such that for every t < ω, Ut ∩ϕ(C, i ′)= ∅. Since for every t < ω, ϕ(Ut , i)∩ϕ(C, i ′)= ∅,
we can choose j < n and an infinite Q ⊂ ω such that for every t ∈ Q, ϕ(Ut , i, j) ∩
ϕ(C, i ′, j)= ∅.
Case 1: {ϕ(Ut , i, j): t ∈Q} ⊂ Sin(κ).
Therefore, ϕ(V, i, j) ∈ Sin(κ) and fi(j) = 0. If t ∈ Q, then ϕ(V, i, j) = ϕ(Ut , i, j)
because ϕ(V, i, j) meets ϕ(C, i ′, j). Since U is rooted, t = t ′ in Q implies that
ϕ(Ut , i, j) = ϕ(Ut ′, i, j). Therefore, ϕ(C, i ′, j) /∈ Cof(κ), so ϕ(C, i ′, j) ∈ Sin(κ). Hence,
f C
i′ (j) = 0 and our choice of V implies that for every t ∈Q, ϕ(V, i, j) = ϕ(Ut , i, j); a
contradiction.
Case 2: {ϕ(Ut , i, j): t ∈Q} ⊂ Cof(κ).
Therefore, ϕ(V, i, j) ∈ Cof(κ) and fi(j) = 1. For every t ∈ Q, ϕ(C, i ′, j) ⊂ Aκ \
ϕ(Ut , i, j). SinceU is rooted, ϕ(C, i ′, j)⊂ Aκ \ ϕ(V, i, j), i.e., ϕ(V, i, j)∩ ϕ(C, i ′, j)=
∅; a contradiction.
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Lemma 3. Let n < ω. If A, B and C are clopen sets with A ∩ B ⊂ C and such that
A= π−1n (πn(A)) and C = π−1n (πn(C)), then A∩ π−1n (πn(B))⊂ C.
Proof. Take f ∈ A ∩ π−1n (πn(B)). Choose g ∈ B such that f |n = g|n. Since A =
π−1n (πn(A)), we get that g ∈ A and therefore that g ∈ C. Since C = π−1n (πn(C)), we
get that f ∈C.
2. A polyadic space of countable tightness which is not an Aωκ image
A boolean space is a compact Hausdorff space K such that CO(K) is a basis. If B
is a boolean algebra, then st(B) is the stone space of all ultrafilters of B . When we say
“duality”, we refer to the well-known equivalences of boolean spaces and continuous maps
and boolean algebras and homomorphisms.
For a collection C ⊂ CO(K), put 〈〈C〉〉 equal to the subalgebra of CO(K) generated by
C . A generating set for CO(K) is a C ⊂ CO(K) such that 〈〈C〉〉 = CO(K).
For cardinals κ and λ, for α < λ and for γ < κ , put Sλκ (α, γ ) = {f ∈ Aλκ : f (α) = γ }.
Then Sλκ = {Sλκ (α, γ ): α < λ and γ < κ} is the canonical set of generators for CO(Aλκ).
To describe our example X, we give the generators G⊂ CO(A2ω1 ×Aω12 ) and take X =
st(〈〈G〉〉). We then have, by duality, that X is an A2ω1 ×Aω12 image, hence polyadic. For α <
ω1, put Iα = S2ω1(0, α)×Aω12 and put J α = S2ω1(1, α)×Aω12 . For β < α < ω1, put Iαβ0 =
S2ω1(0, α) × Sω12 (β,0) and J αβ0 = S2ω1(1, α) × Sω12 (β,0). Let G = {Iα, J α, Iαβ0, J αβ0: β <
α < ω1}. Later, in Proposition 8, we will use the following fact about G: wheneverH and
K are disjoint, finite subsets of G such that ⋂H ⊂⋃K , then there exists K ∈K with
⋂
H ⊂K .
For every α < ω1, let iα :α→ ω be an injection. Since G is the union of the following
disjoint collections: {Iα : α < ω1}, {J α: α < ω1} and for every n < ω, {Iαβ0: β < α < ω1
and iα(β) = n} and {J αβ0: β < α < ω1 and iα(β) = n}, we see that G is a σ -disjoint
collection. It follows (for a proof see Bell [1]) that X can be embedded in Aωω1 and hence
that X has countable tightness.
The proof of our theorem requires the following combinatorial fact (or to be more
precise, just the weaker version where uncountable is replaced by countably infinite both
times).
Fact 4. Let f : {(β,α): β < α < ω1} → ω. Then, there exists n < ω, an uncountable
B ⊂ ω1 and for every β ∈ B , an uncountable Hβ > β such that for every β ∈ B and
for every γ ∈Hβ , f (β, γ )= n.
A proof goes as follows: For every β , choose an nβ < ω and an uncountable Aβ ⊂
{α: α > β} such that for every α ∈ Aβ , f (β,α) = nβ . Finally, choose n < ω and an
uncountable B such that for every β ∈ B , nβ = n.
Theorem 5. X = st(〈〈G〉〉) is not an Aωκ image.
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Proof. Fix an infinite cardinal κ . By duality, it suffices to show that 〈〈G〉〉 cannot be
embedded in CO(Aωκ ). Striving for a contradiction assume that ψ : 〈〈G〉〉 → CO(Aωκ ) is
an embedding. For every n < ω and for every G ∈ 〈〈G〉〉, put ψn(G)= π−1n (πn(ψ(G))).
Use Lemma 1 and get H ⊂ ω1, of cardinality ω1, such that {ψ(Iα): α ∈H } has constant
type of length l and is rooted. Henceforth we will only consider Iα , J α , Iαβ0 and J
α
β0 where
α, β ∈H ; so, we assume now that H = ω1.
Apply Fact 4 with f (β,α)= some m l such that ψ(Iαβ0)= ψm(Iαβ0) to get an n l,
a countably infinite B ⊂ ω1 and for every β ∈ B , a countably infinite Hβ > β such that
for every β ∈ B and for every γ ∈ Hβ , ψ(Iγβ0) = ψn(Iγβ0). Since n  l, we have that
for every γ < ω1, ψ(Iγ ) = ψn(Iγ ). For every β < α < ω1, put Iαβ1 = Iα \ Iαβ0 and put
J αβ1 = J α \ J αβ0.
Fix an α < ω1 such that α > sup(
⋃
β∈B Hβ). Letting U = {ψ(Iγ ): γ < ω1} and
C = {ψn(J αβ0)∩ψn(J αβ1): β ∈B}, apply Lemma 2 to get δ < ω1 such that wheneverψ(Iδ)
meets a C ∈ C , then for almost all γ ∈ ω1, ψ(Iγ ) meets C.
For every β ∈ B and for every k < 2, put Gβk = πn(ψ(Iδ)) ∩ πn(ψ(J αβk)). Since ψ is
an embedding, πn is projection and for every f :B→ 2, {I δ ∩ J αβf (β): β ∈ B} is centered,
we have that for every f :B → 2, {Gβf (β): β ∈ B} is centered. Since Anκ is scattered, it
cannot continuously map onto Aω2 ; hence we can choose a β ∈ B such that Gβ0 meets
Gβ1. Applying π−1n to Gβ0 ∩ Gβ1 we get that ψn(Iδ) meets ψn(J αβ0) ∩ ψn(J αβ1), i.e.,
that ψ(Iδ) meets ψn(J αβ0) ∩ ψn(J αβ1). Since Hβ is infinite, we can choose γ ∈ Hβ such
that ψ(Iγ ) meets ψn(J αβ0) ∩ ψn(J αβ1). Since γ ∈ Hβ we also have that for every k < 2,
ψ(I
γ
βk) = ψn(Iγβk). Since for every k < 2, Iγ ∩ J αβk ⊂ Iγβk and ψ is an embedding we
get that ψ(Iγ ) ∩ ψ(J αβk) ⊂ ψ(Iγβk). Applying Lemma 3 we have that for every k < 2,
ψ(Iγ ) ∩ ψn(J αβk) ⊂ ψ(Iγβk). By intersecting both sides of these two inclusions we get
that ψ(Iγ ) ∩ ψn(J αβ0) ∩ ψn(J αβ1) ⊂ ψ(Iγβ0) ∩ ψ(Iγβ1). Since ψ is an embedding and
I
γ
β0 ∩ Iγβ1 = ∅, ψ(Iγβ0) ∩ ψ(Iγβ1) = ∅. Hence ψ(Iγ ) does not meet ψn(J αβ0) ∩ ψn(J αβ1);
the required contradiction.
The property of being an Aωκ image is preserved by countable products and continuous
images. It is not preserved by closed subspaces, not even by regular closed subspaces,
but it is preserved by zero-sets, i.e., closed Gδ’s, see Gerlits [6]. We now show that our
example X gives an unexpected no answer to the following preservation question: If
K = lim〈Kn: n < ω〉 (an inverse limit, suppressing the bonding maps) where for every
n < ω, Kn is an Aωκ image, then is K an Aωκ image?
Recall that for every α < ω1, iα :α → ω is an injection. For every n < ω, put Gn =
{Iα, J α, Iαβ0, J αβ0: β < α < ω1 and iα(β) < n}. We will show that 〈〈Gn〉〉 can be embedded
in CO(Aωω1).
Let κ be an arbitrary cardinal.
Lemma 6. For every n  1, there exists φn :Sκ2 → CO(A2nκ ) such that for all finite H ⊂
Sκ2 , if
⋂
H = ∅, then⋂φn(H)= ∅ and if⋂H = ∅ and |H | n, then⋂φn(H) = ∅.
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Proof. Fix n 1. We represent A2nκ as Anκ ×Anκ . For every α < κ , γ < 2 and i < n, define




κ (j,α)]. For every α < κ and for every γ < 2, put
Dαγ =⋃i<n Diαγ . Two basic properties of the Dαγ ’s are:
(a) for every α < κ , Dα0 ∩Dα1 = ∅, and
(b) if, for i < j <m n, αi = αj , then⋂k<mDkαk,γk = ∅.
We define φn(Sκ2 (α, γ ))=Dαγ .
Assume that
⋂
i∈I Sκ2 (αi , γi) = ∅. Choose i = j in I such that αi = αj and γi =
γj . Invoking the above (a), we get that Dαi,γi ∩ Dαj ,γj = ∅. Hence, φn(Sκ2 (αi , γi)) ∩
φn(S
κ
2 (αj , γj ))= ∅.




2 (αk, γk) =
∅. Then, for i < j < m, αi = αj . Invoking the above (b), we get that ⋂k<mDkαk,γk = ∅.
Hence,
⋂




2 (αk, γk)) = ∅.
Remark 7. It is not possible to define one φ :Sκ2 → CO(Aωκ ) such that for all finite
H ⊂ Sκ2 ,
⋂
H = ∅ ⇔⋂φ(H) = ∅ because such a φ would extend to an embedding
of CO(Aκ2) into CO(Aωκ ); an impossibility for κ uncountable.
Proposition 8. 〈〈Gn〉〉 can be embedded into CO(A2ω1 ×A4nω1), hence into CO(Aωω1).
Proof. Let φ2n :Sω12 → CO(A4nω1) be as in Lemma 6 with κ = ω1. Define φ :Gn →
CO(A2ω1 × A4nω1) by φ(Iα) = S2ω1(0, α) × A4nω1 , φ(J α) = S2ω1(1, α) × A4nω1 , φ(Iαβ0) =
S2ω1(0, α)× φ2n(Sω12 (β,0)) and φ(J αβ0)= S2ω1(1, α)× φ2n(Sω12 (β,0)).
A proof of the following Sikorski Embedding Criterion can be found on page 68 in
Koppelberg [7].
Criterion 9. φ :C→D extends to an embedding of 〈〈C〉〉 into 〈〈D〉〉 iff wheneverH and
K are disjoint, finite subsets of C , then⋂H \⋃K = ∅⇔⋂φ(H) \⋃φ(K) = ∅.
Let H and K be disjoint, finite subsets of Gn such that ⋂H \ ⋃K = ∅. Choose
(f, g) ∈⋂H \⋃K where f ∈ (Aω1 \ {∞})2 and g ∈Aω12 . Since H and K are disjoint,
the set A= {Sω12 (β,0): If (0)β0 ∈H or J f (1)β0 ∈H} ∪ {Sω12 (β,1): If (0)β0 ∈K or J f (1)β0 ∈K}
has cardinality at most 2n. Furthermore,
⋂
A = ∅ because g ∈ ⋂A. We now apply
Lemma 6 and pick h ∈⋂φ2n(A). Then (f,h) ∈⋂φ(H) \⋃φ(K).
LetH andK be disjoint, finite subsets of Gn such that⋂H ⊂⋃K . If⋂H = ∅, then
Lemma 6 implies that
⋂
φ(H) = ∅; hence ⋂φ(H) ⊂⋃φ(K). Therefore, we assume
that
⋂
H = ∅. Choose K ∈K such that⋂H ⊂K . Let us exhaust all possibilities of this
last inclusion for K . If K = Iα , then there exists β < α such that Iαβ0 ∈H , consequently
φ(Iαβ0) ⊂ φ(Iα) by definition and we have that
⋂
φ(H) ⊂ φ(K). In a similar way we
treat K = J α . If K = Iαβ0, then there exists γ > β such that J γβ0 ∈H . Furthermore, either
Iα ∈H or there exists δ < α such that Iαδ0 ∈H . If Iα ∈H , then φ(Iα)∩ φ(J γβ0)⊂ φ(Iαβ0)
by definition. If δ < α and Iαδ0 ∈H , then φ(Iαδ0) ∩ φ(J γβ0) ⊂ φ(Iαβ0) by definition. Either
way, we get that
⋂
φ(H)⊂ φ(K). In a similar way we treat K = J αβ0.
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Theorem 10. Being an Aωκ image is not preserved by countable inverse limits.
Proof. G =⋃n<ω Gn and n < m < ω implies that Gn ⊂ Gm. By duality, X = st(〈〈G〉〉) =
lim〈st(〈〈Gn〉〉): n < ω〉.
Gerlits [6] has shown that every scattered polyadic space has countable tightness. We
have not been able to determine whether scattered polyadic spaces are Aωκ images. The
Aωκ images are a proper subclass of the class of Uniform Eberlein compact spaces. Their
structure is still not clear.
Problem 11. Find an internal characterization of Aωκ images.
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